Space-like hypersurfaces with constant scalar curvature in the de Sitter spaces  by Yongfan, Zheng
Differential Geometry and its Applications 6 (1996) 51-54 
North-Holland 
Space-like hypersurfaces with constant scalar 
curvature in the de Sitter spaces 
Yongfan Zheng 
Department of Mathematics, Liaoning University, Shenyang 110036, China 
Communicated by A. Gray 
Received 11 April 1994 
Abstracr: This paper gives intrinsic conditions for a compact spacelike hypersurface in a de Sitter space to 
be totally umbilical. 
Keywords: Space-like hypersurface, sectional curvature, scalar curvature. 
MS classification: 53(340,53(742,53(350. 
1. Introduction 
Let MJ+’ (c) be an (n + 1)-dimensional connected semi-Riemannian manifold of constant 
curvature c whose index is s. It is called an indejinite space form of index s and simply a space 
form when s = 0. If c > 0, we call MT+’ (c) a de Sitter space of index 1. Akutagawa [l] and 
Ramanathan [6] studied space-like hypersurfaces in a de Sitter space and proved independently 
that a complete space-like hypersurface in a de Sitter space with constant mean curvature is 
totally umbilical if the mean curvature H satisfies H2 < c when n = 2 and n2H2 c 4(n - 1)c 
when n > 3. Later, Cheng [21 generalized this result to submanifolds. 
In this paper, we consider compact space-like hypersurfaces with constant scalar curvature in 
a de Sitter space and obtain intrinsic conditions for such a hypersurface to be totally umbilical. 
We will prove the following: 
Theorem. Let M” be an n-dimensional compact space-like hypersu$ace in M;+‘(c) with 
constant scalar curvature. If M” satisfies 
K(M) > 0, 
Ric(M) < (n - l)c, 
R < c, 
where R is the normalized scalar curvature of M”, then M” is totally umbilical. 
2. Local formulas 
Let My+’ (c) be an (n + 1)-dimensional semi-Riemannian manifold of constant curvature c 
whose index is 1. Let M” be an n-dimensional Riemannian manifold immersed in Mr+’ (c). As 
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the semi-Riemannian metric of M;+’ ( c in ) d uces the Riemannian metric of M”, M” is called 
a space-like hypersurface. We choose a local field of semi-Riemannian orthonormal frames 
e1,***, e,, en+1 in M;+’ (c) such that at each point of M”, el , . . . , e, span the tangent space of M” 
and form an orthonormal frame there. We use the following convention on the range of indices: 
1 <A,B,C,...<n+l; 1 < i, j, k,. . . < n. 
Letol,..., o,+l be its dual frame field so that the semi-Riemannian metric of My+’ (c) is given 
by ds2 = Ci(oi)’ - ( w,+I)~ = CA &A(&A)~, where Ei = 1 and &,+I = -1. Then the Structure 
equations of My+’ (c) are given by 
dWA = - c EBOAB A WB, @AB + WBA = 0, (2.1) 
B 
dWAB = - c ‘%?AC A OCB + ; c KABCDW A ~DT (2.2) 
C C.D 
KABCD = c &A&?@AC~BD - gAD&BC). (2.3) 
We restrict these forms to M”, then 
%+I = 0, 
and the Riemannian of M” is written as ds2 = xi (wi)2. We have 
(2.4) 
Wt+l,i = c hijwj 9 
hij = hji. (2.5) 
From these formulas, we obtain the structure equations of M”: 
dtii = - c Wij A Wj, Wij + Oji = 0; (2.6) 
j 
dwij = - c o&k A mkj + i c RijklW A W; 
k k.1 
(2.7) 
where Rijk/ are the components of the curvature tensor of h!i”. 
For indefinite Riemannian manifolds, refer to O’Neill [5]. 
We call h = xi, j hijoi @I mj the second fundamental form of M”. The square length of h is 
defined by 
S = x(hij)2. (2.9) 
i.j 
The mean curvature H of h4” is defined by 
H = ichii. 
i 
(2.10) 
A hypersurface M” is said to be totally umbilical if h, = HSij. 
Let hijk and hijk, denote the covariant derivative and the second covariant derivative of hij, 
respectively, defined by 
c hijkak = dhij - C hikOkj - C hj@&, (2.11) 
k 
c hijkIW = dhijk - b hij/Wk - ‘x hilkO/j - C hrjkW,i a (2.12) 
I 1 1 I 
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Then we have 
hijk - hi, = 0, (2.13) 
(2.14) 
m m 
The Laplacian Ahij of hi, is defined to be xk hi,kk and then from (2.13) and (2.14) we have 
Ahij = C(hijkk 
k 
- hikjk) + x(hikjk -_ hi/&j) + x(hikkj - hkkrj) + 7 hkkil 
k k 
= nHij + C him Rnkjk + C hkm Rmijk > (2.1511 
m.k m,k 
where Hij denotes the second covariant derivative of H. 
3. Proof of the theorem 
Proposition 3.1. Let M” be an n-dimensional space-like hypersu$ace in My” (c). If Ric(M) 6: 
(n - 1)~ and R -C c, where R is the normalized scalar curvature of M”, then the secondfindamen- 
talform of M” is semi-de$nite. Especially, if Ric(M) -C (n - l)c, then the secondfundamental 
form is definite. 
Proof. We can choose unit vectors ei, . . . , e, such that the second fundamental form h of M” 
is diagonalizable, that is, hij = AiJij. Then the Gauss equation (2.8) says that 
nA, H - A: = (n - 1)c - Ric(i), (3.1) 
n2H2 - S = n(n - l)(c - R), (3.2) 
where Ric(i) is the Ricci curvature of M” in the direction ei. 
We observe that if H is zero at some point, then from (3.2), R 2 c at the point, which is a 
contradiction to the hypothesis. Hence we may assume H > 0. Since Ric(M) 6 (n - l)c, it 
follows from (3.1) that Ai > 0, which implies that h is positive semi-definite. 
It is clear that if Ric(M) < (n - 1)c then we have hi > 0 and hence h is positive definite. 
Proposition 3.2. Let M” be an n-dimensional space-like hypersutjace in M;+‘(c). Zf H2 $I 
c - R, then M” is totally umbilical. 
Proof. We have 
S -- nH2 = C (hij - H 6ij)2 > 0, 
i.j 
(3.3) 
and the equality holds if and only if Mn is totally umbilical. By hypothesis and (3.2), we get 
S < nH2 and hence S = nH2, i.e, M” is totally umbilical. 
Remark. If M” is a totally umbilical hypersurface in M;+’ (c), then M” is of constant sectional 
curvature c - H2. 
54 Y. Zheng 
Proposition 3.3. Let M” be an n-dimensional compact space-like hypersueace in M:+‘(c) 
with constant scalar curvature and positive sectional curvature. If the fundamental form is 
semi-definite, then M” is totally umbilical. 
Proof. The Laplacian of S = Ci,j (hij)* is given by 
i AS = C (hijk)* + C hij Ahij 
i, j.k i.j (3.4) 
= C (hijk)* +n C hijHij + C hij him Rmkjk + C hij hkm Rmijk. 
i.j.k i,j i.j.k.m i, j.k,m 
Diagonalize the second fundamental form SO that hij = hi 6ij. Then we have 
$ AS = C (hijk)* + n C hi Hii + $ C Rijij(hi - Ai)‘. 
i.j.k i i.j 
Since the scalar curvature of M” is constant, we have from (3.2) 
;AS = in*AH’ = n2(x(Hi)2 + H c Hii), 
i i 
(3.5) 
(3.6) 
where Hi is the covariant derivative of H. Thus (3.5) can be written as 
n c(c h,) Hii = C(hijk)* - n2 C(Hi)* + i C Rijij(ki - hj)*. 
i j#i i, j,k i i.j 
(3.7) 
Because M” is compact, there is a point x where H attains its maximum and at this point 
Hii G 0, Hi ~0. (3.8) 
By hypothesis, we may assume hi 2 0. M” has positive sectional curvature, therefore, from 
(3.7) and (3.8), 
c Rijij(hi - Aj)* = 0 (3.9) 
i.j 
at the point x. This implies that x is an umbilical point of M”. Hence H* = c - R at the point, 
by the Gauss equation. It is clear that H* also attains its maximum at the point x. Therefore 
H* 6 c - R at each point of M”. By Proposition 3.2, M” is totally umbilical. 
Proof of the Theorem. It follows from Propositions 3.1 and 3.3. 
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